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A binary relation R between sets A and B is the subset

RCAXB:Vee A\Vye B: zRy<= (z,y) € R .

A binary relation is a mapping (or a function) f: A — B
if it is functional (right-unique) and left-total.

In other words, R C A x B maps every element a € A to a
unique element b € B.



An injection is an injective mapping — a binary relation
that is left-unique, right-unique, and left-total

A surjection (or onto mapping) is a surjective mapping
— a binary relation that is right-unique, left-total, and
right-total.

A mapping is a bijection (or one-to-one
correspondence) is a mapping which is injective and
surjective. In other words, left-unique, right-unique,
left-total, and right-total.



A linear mapping or linear transformation is a map
R™ — R™ given by a matrix.

For example, given a 2 x 2 matrix
a b
i)
we can define a map T, : R? — R? defined by

Y(z,y) € R*: Ty(z,y) = (az+ by, cx+ dy) .

This is actually matrix multiplication, that is

(¢ ) 0)= ()



For any set S, a bijective mapping 7 : S — S'is called a
permutation.

Suppose S = {1,2,3}. Define a map 7 : S — S by

(w<11> 7r<22> wé)):@ ? 2)

It is easy to verify that this map is bijective, hence this
map is a permutation of S.



Let S be a set. The identity map idg is such that
Vse S:s— s .

In example, for S = {1, 2,3}, the identity map idg is

(w(ln w<22> w??))):(i 3 2)



A composition of mappings f: A — Band g: B— (C'is
a new mapping h: A — C defined by

(g0 N(z) = 9(flz)) .
Note that g(f{z)) = (go f)(x) # (fo g(z)) = fg(2)).



Consider the following sets
A=1{1,2,3} B={a,b,c} C={zy 2} .
Consider mappings

f: A — Bdefined by {1 0,2+ ¢,3+— a}
g: B— Cdefined by {a+> 2, b+ 2, c— z} .

The composition go f: A — C'is defined by
{1— 22— 12,3 z}.

What can you say about the composition fo ¢?



Theorem 1
The composition of mappings in associative. That is, for

f:A—=>Bg:B— C, and h: C— D:

(hog)of=ho(ge)) .

Proof.
Let a € A. Then

(ho(gef)(a) = h(goNa) = h(g(fa)))
= (hog)(fla)) = ((hog)ofa) .



Let f: A — B be a mapping. The inverse mapping
f1:B— Ais a mapping such that

fo.flzidA )
f_lof: ZdB .

A mapping f: A — Bis invertible (has a corresponding
inverse mapping) iff fis bijective.

The mapping f: R — R defined by f(z) = In(z) has an
inverse f~!(z) = €”.
(fof @) =ff (@) =f¢') =lne =z,
(Yo (@) = (ng) = =5



To show that a mapping is invertible iff it is bijective, we
need the following lemmas.

Lemma 1
An invertible mapping is injective.

Proof.
Suppose that f: A — B is invertible with inverse
f1:B— A Then

Va,be A: fla) = fb) = f(fla)) = f(f(D))
Fo )

Consequently, fis injective.



Lemma 2
An invertible mapping is surjective.

Proof.

Suppose that f: A — B is invertible with inverse
ft:B— A. Suppose that b € B. To show that fis
surjective, for every b € B we need to find a € A such that
fla) = b. Indeed, such an a exists:

Vbe B: Ja=f1(b) € A: f(f (D)= (fof 1) (b)=b .

Consequently, fis surjective. ]



Theorem 2
A mapping f: A — B is invertible iff it is bijective.

Proof.

By Lemmas 1 and 2, an invertible mapping is bijective.

To complete the proof, we will show that any bijective
mapping is invertible.

Assume that f: A — B is bijective, and let b € B. Since fis
surjective, there exists a € A such that f(a) = b. Because f
is injective, such @ must be unique. Define f! : B— A by

letting f71(b) = a.

We have now constructed the inverse of f, hence fis
invertible.

O]



Theorem 3
If f: A— Band g: B— C are both injective, then the
mapping go f is injective.

Proof.

Indeed, since both fand g are injective, then for all a,b € A
it holds that

(goNla) = (g0 f(b) = ¢(f(a)) = g(f(D))
) =

= fla) = f(b a=1b.

Therefore, go fis an injective mapping. [



Theorem 4
If f: A— Band g: B— C are both surjective, then the
mapping go f is surjective.

Proof.

We need to show that the mapping go f: A — (C'is
surjective, or, in other words, we need to show that for
every ¢ € C there exists a € A such that (go f)(a) = c.

Since g is surjective, there exists b € f(A) such that
g(b) = c. In turn, surjectivity of fimplies that there exists
a € A such that fla) = b.

Hence, for every ¢ € (' there exists a € A such that

(9o f)(a) =c. O



Corollary 1

If f: A— Band g: B— C are bijective, so is their
composition go f.

Proof.

This is a direct consequence of Theorems 3 and 4.

Corollary 2

The composition of permutations is a permutation.

Proof.

This is a direct consequence of Theorems 3 and 4.
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