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Set Theory

Show that (AN B) = A" UB.

(ANB) ={z:2¢ AN B}
{z:-(zx€e ANz € B)}
{z:x¢ AVa¢ B}
={z:ze A vze B}
=AUB .



Set Theory
Show that (AN B)=A"UB.

re€(ANB) = z¢ ANB
— ¢ AVa¢ B
— z€ A'VvVzeDB
— zc€ A/UB
=(ANnB)CAUB .

e AUB = x¢ AVa¢ B
— ¢ ANB
— z€ (AN B)
— AUB C(ANnB) .

Therefore, (AN B) = A" UB.



Partitions and Factor Spaces

A partition P of a set X is the set P={X;, X5,..., X,,}
such that

XiNnX;=0fori#j
Uxi=x

Factor space is an image of a set under an equivalence
relation, together with some binary operation on the set of
equivalence classes.

Ln, =7/
L, =17 / =
a= b nla—b) .
Factor space Z,, is a collection of equivalence classes
Zon =A{[0],[1],[2],...,[n— 1]} .



Partitions and Factor Spaces

In example, the subsets X; = {0,3}, Xo = {1,4},
X3 ={2,5} form a partition on Zg = {0, 1,2,3,4,5}. It can
be seen that

X\ UXoU Xy =Zg |
XinX,=0,
XoNX; =0,
XinX;=10.



Partitions and Factor Spaces

It can be seen that [0]N[1] = [0]N[2] = [1]N[2] =0 and
[0] U [1] U [2] = Z. Therefore, Z3 partitions Z into 3
equivalence classes [0], [1], [2]. Similarly,

Z,=140,1,2,3} , Z5=140,1,2,3,4} , Z¢={0,1,2,3,4,5} .



Cartesian Products
73 =Ty x Ty x Ty = {(0,0,0), (0,0,1), (0,1,0), (0,1, 1),
(1,0,0),(1,0,1),(1,1,0),(1,1,1)} .

Zs X Zo = {(0,0),(0,1),(1,0),(1,1)} .
Zs x Z3 = {(0,0),(0,1),(0,2),(1,0),(1,1),(1,2)} .

Zs x 7o ={(0,0),(0,1),(1,0),(1,1),(2,0),(2,1)} .



Cartesian Products

Zy x Zs x Zs = {(0,0,0), (0,0,1), (0,1,0), (0,1, 1),
(0,2,0),(0,2,1),(1,0,0), (1,0, 1),
(1,1,0),(1,1,1),(1,2,0),(1,2,1)} .

Zs x T x Zs = {(0,0,0), (0,0, 1), (0,1,0), (0, 1, 1),
(1,0,0), (1,0,1), (1,1,0), (1,1,1),
(2,0,0),(2,0,1),(2,1,0),(2,1,1)} .



Binary Relations
Show that function ¢ : Z — 27 is injective.
2n=2m = n=m .

Show that function ¢ : Z — Z defined by ¢ : n +— n? is not
injective. It can be seen that a? = (—a)?, but a # —a.

A=V =5 a=1b .

Show that function ¢ : Z — Z defined by ¢ : z+ x4 10 is
surjective. It can be seen that for every integer z € Z there
exists its unique preimage 7 = z— 10 € Z, such that
z—10+10 = z

VzeZ 3 =2—-10:2=¢(¢) .



Bijections

Let A= {1,2,3} and B= {a, b, c}. Define a mapping
¢:A— Bby

o:1—a, 2—=0b 3= c .

The mapping ¢ : A — B is a bijection iff it is invertible.
Define an inverse mapping ¢ : B — A by

viar—1 b— 2 | c—3 .



Bijections

It must hold that

The compositions are:
Yop: A= A=1idy ,po0v:B— B=1idg .

It can be seen that

(P o)1) =9(a) =1 (poy)(a) =o(1) =a
(o @)(2) =(b) =2 (por)(b) =p(2) = b
(Yoo)3)=1v(c)=3 (po)(c) =(3) =c



Bijections

Consider a mapping ¢ : Z — 37Z given by ¢ : n+— 3n. To
show that ¢ : Z — 3Z is a bijection, consider an inverse
mapping ¢ : 3Z — Z by v : n+— 2. Then

a

(o)) =06(3) =35 =a.
(60 9)(@) = $(3a) =303 =a

Therefore, ¢ : Z — 37 is a bijection.



Bijections

Consider a mapping ¢ : Z — Z defined by ¢ : x— z+ 15.
To show that ¢ : Z — 7Z is a bijection, define an inverse
mapping ¢ : Z — Z by ¥ : x— x— 15. Then

(po)(a)=¢p(a—15)=a—15+15=a ,
(Yod)(a)=v(a+15)=a+15—-15=a .

Therefore, ¢ : Z — Z is a bijection.



Composition of Mappings

Let f: Z — 7Z be defined by f: n+— n+5, and ¢g: Z — 27
be defined by ¢: n+ 2n. Then

(fog)(z) = f22) =22+5 ,
(gofi(z) = g(x+5) =2(z+5) =22+ 10 .

The inverse mappings f ! : Z — Z defined by f: n++n—25
and ¢! : 2Z — 7Z defined by ¢: n — 5

(fo @)= (g of @) =g (2—5) = :
(fegolgof Na)=———=5=1.



Equivalence Relation

Show that group isomorphism = is an equivalence relation

on the class of groups. Groups (G, ®) and (H, o) are said to
be isomorphic (written G = H) iff there exists a bijection

¢ : G — H that preserves group operations.

Va, b€ G: p(a® b) = ¢p(a) o d(b) .

Reflexivity: G = G
Symmetry: G=H — H=(G
Transitivity: G2 H=Z K — G2 K



Partial order relation

Show that | is a partial order relation on the set A. Let
a,b, ce A.

Reflexivity: ala
Anti-symmetry: albAbla = a=0b
Transitivity: alb A blc = alc

Show that < is a strict partial order relation on the set A.
Anti-reflexivity: a £ a
Asymmetry: a < b = —(b < a)
Transitivity: a < b<c = a<c
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